Recently, Abbas et al. (Fixed Point Theory Appl. 2012:187, 2012 proved tripled fixed point and tripled coincidence point theorems in intuitionistic fuzzy normed spaces.
Introduction
Intuitionistic fuzzy normed spaces were investigated by Saadati and Park [] . They introduced and studied intuitionistic fuzzy normed spaces based both on the idea of intuitionistic fuzzy sets due to Atanassov [] and the concept of fuzzy normed spaces given by Saadati and Vaezpour in [] . In [] Saadati and Park proved that the topology τ (μ,ν) generated by an intuitionistic fuzzy normed space (X, μ, ν, * , ) coincides with the topology τ μ generated by the generalized fuzzy normed space (X, μ, * ), and thus the results obtained in intuitionistic fuzzy normed spaces are immediate consequences of the corresponding results for fuzzy normed spaces. For improving this problem, Deschrijver et al. [] modified the concept of intuitionistic fuzzy normed spaces and introduced the notation of L-fuzzy normed space.
Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting. The concept of fuzzy sets was initially introduced by Zadeh [] in . To use this concept in topology and analysis, many authors have extensively developed the theory of fuzzy sets and its applications. One of the most interesting research topics in fuzzy topology is to find an appropriate definition of fuzzy metric space for its possible applications in several areas. It is well known that a fuzzy metric space is an important generalization of the metric space. Many authors have considered this problem and have introduced it in different ways. For instance, George and Veeramani [] modified the concept of a fuzzy metric space introduced by Kramosil and Michalek [] and defined the Hausdorff topology  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2014/1/136 of a fuzzy metric space. There exists considerable literature about fixed point properties for mappings defined on fuzzy metric spaces, which have been studied by many authors (see [-] ). Zhu and Xiao [] and Hu [] gave a coupled fixed point theorem for contractions in fuzzy metric spaces (see also [] ). Recently, Abbas et al. [] proved tripled fixed point and tripled coincidence point theorems in intuitionistic fuzzy normed spaces. In this paper we present some shorter proofs for Abbas et al. ' s results in L-fuzzy normed space, which is not a trivial generalization of fuzzy normed space.
Fuzzy normed spaces
A binary operation * : [, ] × [, ] → [, ]
is a continuous t-norm if it satisfies the following conditions:
(a) * is associative and commutative; (b) * is continuous; Definition . Let X be a real vector space. A function μ : X × R → [, ] is called a fuzzy norm on X if for all x, y ∈ X and all s, t ∈ R:
for all x, y, z ∈ X and t > . Then μ is a (standard) fuzzy normed and (X, μ, ·) is a fuzzy normed space.
Saadati and Vaezpour showed in [] that every fuzzy norm (μ, * ) on X generates a first countable topology τ μ on X which has as a base the family of open sets of the form {B μ (x, r, t) : x ∈ X, r ∈ (, ), t > } where B μ (x, r, t) = {y ∈ X : μ(x -y, t) >  -r} for all x ∈ X, r ∈ (, ) and t > . Definition . The -tuple (X, μ, ν, * , ) is said to be an intuitionistic fuzzy normed space if X is a vector space, * is a continuous t-norm, is a continuous t-conorm, and μ, ν are fuzzy sets on X × (, ∞) satisfying the following conditions for every x, y ∈ X and t, s > : 
is an intuitionistic fuzzy normed space.
Saadati and Park proved in [] that every intuitionistic fuzzy norm (μ, ν) on X generates a first countable topology τ (μ,ν) on X which has as a base the family of open sets of the form
be an intuitionistic fuzzy normed space. Then, for each x ∈ X, r ∈ (, ) and t >  we have B (μ,ν) (x, r, t) = B μ (x, r, t).
From Lemma ., we deduce the following. 
the membership degree and the non-membership degree, respectively, of u in A ζ ,η , and they furthermore satisfy
Classically, a triangular norm T on ([, ], ≤) is defined as an increasing, commutative, associative mapping T :
A t-norm can also be defined recursively as an (n + )-ary operation (n ∈ N \ {}) by T  = T and
is a continuous t-norm.
Definition . ([]) A t-norm T on L * is called t-representable if and only if there exist a t-norm T and a t-conorm S on [, ] such that, for all
Definition . The -tuple (X, P, T ) is said to be an L-fuzzy normed space if X is a vector space, T is a continuous t-norm on L and P is an L-fuzzy set on X× ], +∞[ satisfying the following conditions for every x, y in X and t, s in ], +∞[:
In this case P is called an L-fuzzy norm. If P = P μ,ν is an intuitionistic fuzzy set and the t-norm T is t-representable, then the -tuple (X, P μ,ν , T ) is said to be an intuitionistic fuzzy normed space.
for each n, m ≥ n  ; here N is an involutive negation. The sequence {x n } n∈N is said to be convergent to x ∈ X in the L-fuzzy normed space (X, P, T ) and denoted by x n
An L-fuzzy normed space is said to be complete if and only if every Cauchy sequence is convergent.
Lemma . ([]) Let P be an L-fuzzy norm on X. Then: (i) P(x, t) is non-decreasing with respect to t, for all x in X;
(ii) P(x -y, t) = P(y -x, t), for all x, y in X and t ∈ ], +∞[. 
Definition . Let (X, P, T ) be an L-fuzzy normed space. For t ∈ ], +∞[, we define the open ball B(x, r, t) with center x ∈ X and radius
r ∈ L \ { L ,  L }, as B(x, r, t) = y ∈ X : N (r) < L P(x -y, t) . A subset A ⊆ X is called open if for each x ∈ A, there exist t >  and r ∈ L \ { L ,  L } such that B(x, r, t) ⊆ A. Let τ P denote
Theorem . Let (X, P, T ) be an L-fuzzy normed space. A subset A ⊆ X is closed if and only if X \ A is open.

Remark . ([]) In an L-fuzzy normed space (X, P, T ) whenever
N (r) < L P(x, t) for x ∈ X, t >  and r ∈ L \ { L ,  L }, we can find a  < t  < t such that N (r) < L P(x, t  ).
Corollary . Let B(x, r, t) be an open ball in an L-fuzzy normed space and let z be a member of it. Then there exists
 < t  < t such that z ∈ B(x, r, t  ). http://www.fixedpointtheoryandapplications.com/content/2014/1/136 Definition . Let (X, P, T ) be an L-fuzzy normed space. A subset A of X is said to be LF-bounded if there exist t >  and r ∈ L \ { L ,  L } such that N (r) < L P(x, t) for each x ∈ A.
Theorem . In an L-fuzzy normed space every compact set is closed and LF-bounded.
Definition . Let X and Y be two L-fuzzy normed spaces. A function g : X → Y is said to be continuous at a point x  ∈ X if for any sequence {x n } in X converging to a point
If g is continuous at each x ∈ X, then g : X → Y is said to be continuous on X. 
Let L = [, ] and T = M = min. For any t ∈ (, ∞), we define
then (X, P, min) is a fuzzy normed space.
Lemma . ([, ])
Let (X, P, M) be an L-fuzzy normed space. Let {x n } be a sequence in X. If
for some k > , n ∈ N and t > , then the sequence {x n } is Cauchy.
for all x, y, z ∈ X and t > . Then Q define an L-fuzzy norm on X  × (, ∞).
Proof Let Q(x, y, z, t) =  L then M(P(x, t), P(y, t), P(z, t)) =  L , which implies that x = y = z = , the converse is trivial,
Q(αx, αy, αz, t) = M P(αx, t), P(αy, t), P(αz, t)
for x, y, z ∈ X, α =  and t > ,
for some k > , n ∈ N and t > , then the sequences {x n }, {y n }, and {z n } are Cauchy.
Proof By Lemmas . and . the proof is easy.
Definition . Let X be a non-empty set. An element (x, y, z) ∈ X × X × X is called a tripled coincidence point of mappings F : X × X × X → X and g : X → X if
Definition . ([]) Let (X, ) be a partially ordered set. A mapping F : X × X × X → X is said to have the mixed monotone property if F is monotone non-decreasing in its first and third argument and is monotone non-increasing in its second argument, that is, for any x, y, z ∈ X
and
Definition . Let (X, ) be a partially ordered set, and g : X → X. A mapping F : X × X × X → X is said to have the mixed g-monotone property if F is monotone g-nondecreasing in its first and third argument and is monotone g-non-increasing in its second http://www.fixedpointtheoryandapplications.com/content/2014/1/136 argument, that is, for any x, y, z ∈ X
Lemma . ([]) Let X be a non-empty set and g : X → X be a mapping. Then there exists a subset E ⊆ X such that g(E) = g(X) and g : E → X is one-to-one.
Main results
Theorem . Let (X, P, M) be a complete L-fuzzy normed space, be a partial order on X. Suppose that F : X × X × X → X has mixed monotone property and
t), P(y -v, t), P(z -w, t) (.) for all those x, y, z, u, v, w in X for which x u, y v, z w,where  < k < . If either (a) F is continuous or (b) X has the following properties:
(bi) if {x n } is a non-decreasing sequence and lim n→∞ x n = x then x n x for all n ∈ N, (bii) if {y n } is a non-decreasing sequence and lim n→∞ y n = y then y n y for all n ∈ N, (biii) if {z n } is a non-decreasing sequence and lim n→∞ z n = y then z n z for all n ∈ N, then F has a tripled fixed point provided that there exist x  , y  , z  ∈ X such that
Proof Let x  , y  , z  ∈ X be such that
As F(X × X × X) ⊆ X, so we can construct sequences {x n }, {y n } and {z n } in X such that
Now we show that
(.) holds for n = . Suppose that (.) holds for any n ≥ . That is,
x n x n+ , y n y n+ , z n z n+ . (  .  ) http://www.fixedpointtheoryandapplications.com/content/2014/1/136
As F has the mixed monotone property, by (.) we obtain (x, y n , z) F(x, y n+ , z), (ii)  F(x, y, z n ) F(x, y, z n+ ) , (iii) which on replacing y by y n and z by z n in (i) implies that F(x n , y n , z n ) F(x n+ , y n , z n ), replacing x by x n+ and z by z n in (ii), we obtain F(x n+ , y n , z n ) F(x n+ , y n+ , z n ), replacing y by y n+ and x by x n+ in (iii), we get F(x n+ , y n+ , z n ) F(x n+ , y n+ , z n+ ). Thus we have F(x n , y n , z n ) F(x n+ , y n+ , z n+ ), that is, x n+ x n+ . Similarly, we have
which on replacing y by y n+ and x by x n+ in (iv) implies that F(y n+ , x n+ , y n+ ) F(y n+ , x n+ , y n ), replacing x by x n+ and y by y n+ in (v), we obtain F(y n+ , x n+ , y n ) F(y n , x n+ , y n ), replacing y by y n in (vi), we get F(y n , x n+ , y n ) F(y n , x n , y n ). Thus we have F(y n+ , x n+ , y n+ ) F(y n , x n , y n ), that is, y n+ y n+ . Similarly, we have
which on replacing y by y n and x by x n in (vii) implies that F(z n , y n , x n ) F(z n+ , y n , x n ), replacing x by x n and z by z n+ in (viii), we obtain F(z n+ , y n , x n ) F(z n+ , y n+ , x n ), replacing y by y n+ and z by z n+ in (xi), we get F(z n+ , y n+ , x n ) F(z n+ , y n+ , x n+ ). Thus we have F(z n , y n , x n ) F(z n+ , y n+ , x n+ ), that is, z n+ z n+ . So by induction, we conclude that (.) holds for all n ≥ , that is
for t > . By Lemma . we conclude that {x n }, {y n }, and {z n } are Cauchy sequences in X. Since X is complete, there exist x, y, and z such that lim n→∞ x n = x, lim n→∞ y n = y, and lim n→∞ z n = z. If the assumption (a) does hold, then we have
Suppose that assumption (b) holds then
which, on taking the limit as n → ∞,
, http://www.fixedpointtheoryandapplications.com/content/2014/1/136 which on taking the limit as n → ∞, implies P(y -F(y, x, y), kt) =  L , y = F(y, x, y). Finally, we have
which on taking the limit as n → ∞,
Theorem . Let (X, P, M) be a complete L-fuzzy normed space, be a partial order on X. Let F : X × X × X → X, and g : X → X be mappings such that F has a mixed g-monotone property and
for all those x, y, z, and u, v, w for which gx gu, gy gv, gz gw, where
(X) and g is continuous. If either (a) F is continuous or (b) X has the following properties:
(bi) if {x n } is a non-decreasing sequence and lim n→∞ x n = x then x n x for all n ∈ N, (bii) if {y n } is a non-decreasing sequence and lim n→∞ y n = y then y n y for all n ∈ N, and (biii) if {z n } is a non-decreasing sequence and lim n→∞ z n = y then z n z for all n ∈ N, then F has a tripled coincidence point provided that there exist x  , y  , z  ∈ X such that
Proof By Lemma ., there exists E ⊆ X such that g : E → X is one-to-one and g(E) = g(X). Now define a mapping A :
Since g is one-to-one, so A is well defined. Now, (.) and (.) implies that
for all x, y, z, u, v, w ∈ E for which gx gu, gy gv, gz gw. Since F has a mixed g-monotone property for all x, y, z ∈ X, so we have
Now, from (.) and (.) we have
Hence A has a mixed monotone property. Suppose that assumption (a) holds. Since F is continuous, A is also continuous. By using Theorem ., A has a tripled fixed point
. If assumption (b) holds, then using the definition of A, following similar arguments to those given in Theorem ., A has a tripled fixed point
. Finally, we show that F and g have tripled coincidence point.
Since A has a tripled fixed point
Hence, there exist u  , v  , w  ∈ X × X × X such that gu  = u, gv  = v, and gw  = w. Now, it follows from (.) that t for all t ∈ R + . Then
for all x ∈ X and t > . If X is endowed with the usual order as x y ⇐⇒ x -y ≤ , then (X, ) is a partially ordered set. Define mappings F : X × X × X → X, and g : X → X by F(x, y, z) = x -y + z +  and g(x) = x -.
Obviously, F and g both are onto maps, so F(X × X × X) ⊆ g(X), also F and g are continuous and F has the mixed g-monotone property. Indeed,
Similarly, we can prove that
Now for all x, y, z, u, v, w ∈ X, for which gx gu, gy gv, gz gw, we have
for all x, y, z, u, v, w ∈ X, for which gx gu, gy gv, gz gw. Therefore all the conditions of Theorem . are satisfied. So F and g have a tripled coincidence point and here ( 
Application
In this section, we study the existence of a unique solution to an initial value problem, as an application to the our tripled fixed point theorem. http://www.fixedpointtheoryandapplications.com/content/2014/1/136
Consider the initial value problem
where Suppose {x n } is a non-decreasing sequence in C(I, R) that converges to x ∈ C(I, R). Then, for every ∈ I, the sequence of the real numbers 
hence P F(x, y, z) -F(u, v, w), kt ≥ M P(x -u, t), P(y -v, t), P(z -w, t) .
Then F satisfies the condition (.) of Theorem .. Now, let (α, β, γ ) be a tripled solution of the initial value problem (.); then we have α ≤ F(α, β, γ ), F(β, α, β) ≤ β and γ ≤ F(γ , β, α). Then Theorem . shows that F has a unique tripled fixed point.
